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FOREWORD

This work was performed in the Warfare Analysis Department of
the Naval Weapons Laboratory at the request of the Naval Ship Systems
Command (PMS-393), reference 1. It concerns an evaluation of a method
of passive submarine ranging developed by Dr. D. C.Bossard of
Daniel Wagner Associates, reference 2, and some follow-on investigations
related to the material in the reference.

The authors had excellent support from R. T. Bevan of the Naval
Weapons Laboratory who generated the FORTRAN programs.

This report has been reviewed by R. A. Hodnett, Cdr. USN.

Released by:

@@/ﬂ//éﬁ

R. I. Rossbacher, Head
Warfare Analysis Department
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ABSTRACT

In a new sonar bearings-only solution method, Dr. D. C. Bossard
of Daniel Wagner Associates achieved quite spectacular reduction in
range errors on a zigging target, one-sixtlr those of the usual
(unweighted) CHURN method. His method yields time-corrected range
(value at time when expected error is least) and weights observations
according to assumed zig statistics. Bossard also advocates extrapo-
lating favorably-chosen time-corrected ranges to obtain present
range.

We find that the CHURN, with weights equivalent to Bossard's,

achieves equally small time-corrected range errors, and errors at

AT
= owa

solution time one-third those of the usual CHURN. Random bearing
noise, however, seriously degrades solutions using Bossard weights,
even without zigs, in which case the unweighted CHURN is optimum,

For combinations of zigs and bearing noise, optimum combined weighting
functions exist.

Unsuccessful attempts were made to use data available to the
tracking ship, e.g. autocorrelation of solution residuals, for
selecting optimum weighting. Autocorrelation was also probed for
zig detection clues without success.

Results obtained by extrapolating pairs of time-corrected
range to present time were about equally as good as from single

solutions using the same data.
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We conclude that Bossard's important contribution is to show
the effectiveness of appropriate statistical weighting.

Further efforts should deal with on-board methods for optimizing
weights, and the benefits of weighting for other error sources
(bearing bias, own ship position). The results would be applicable

not only to the CHURN, but also to the newer optimal filter methods.
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I. INTRODUCPION

The proposel by Wagner Associates to the Naval Ordnance Systems
Command (ORD-05Z1B), reference 2, baes+1 on the work of Dr. D, C. Bussard,
concerns passive bearings-only ranging on maneuveriag targets. An
example is given, using synthetic noise-free data, in which Bossard's
solution method shows range errors at best range time only one-sixth
as large as the corresponding errors of the CHURN method .s generally
implemented.

We have verified Bossard's results by duplication. In addition
we have obtained equally good results with the CHURN modified by the
application of statistical weighting equivalent to that used by
Bogsard. The conclusion is therefore drawn that the power of Bossard's
method lies, not in his novel analysis using bearing quadruples, but
in weighting obsexrvations appropriately for the process (maneuver in
this case} which generates the errors.

In the Bossard method a moving window of fixed time span 1is used.
A four-bearing range equation is derived which includes an explicit
error term, The derivation continues by formally summing all such
equations obtained from suitable sets of bearing quadruples drawn
from the window, weighting each addend in accordance with the
covariance of its error term. Finally, the equation cbtsalined by
summing 1s modified by adjusting the time parameter so that th.sz2

terms involving inl (target speed in the line of sight) offset
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each other. Thus an equation for the time-corrected range for the i

window is obtained, .
The error term appearing in Bossard's four-bearing range ' i

equation is essentially 2 function of ﬁ, the time derivative of

the residual E dealt with in the CHURN (E is cross-range miss

distance of observed bearing line from estimated target position).

As’discussed more fully later in this report, the zig strategy

assumed in the geometry used here and also by Bossard in reference 2
generates an exponential covariance for E. Weighting appropriate

to this covariance was used by Bossard to obtain his favorable
results, and by us in duplicating his results. Appendix A contains
the computing algorithm used at the Naval Weapons Laboratory for
this purpose.

We have derived the covariance for E which corresponds to the

same zig strategy (see part ITI). This covariance turns out to be
non-stationary and coxrelated, therefore much different from the 3
stationary, unccrrelated statiétics usuelly assumed in applying

CHURN, Use of the appropriate covariance in CHURN makes the time-
corrected range solutions agree rather closely with those of Bossard's

l method.

CONFIDENTIAL
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Weighting in accordance with the covariance generated by a
zigging target evidently has some value even for certain qui&e
different error distributions, as for éxample, from the sinuous
target motion also tested. When the cource of errors includes

uncorrelated bearing noise, however, solutions are badly degraded. !

II. WEIGHTED CHURN AND TIME~CORRECTED RANGE

The CHURN method estimates four target parameters
a1 and ag, east and north components of speed
ap and ay, east and north coordinates at t = 0
which arzs assumed to be constant during the solution data span.

From these four parameters, along with own chip motion, all of the

>R
» b

familiar target parameters such as range are easily derived. The

CHURN solution minimizes the weighted sum of squares of the residuzl
E; = (alti ‘+ ay)cos B; - (a3ti + a4)51n B: - % ;608 B; + Yoi5in Bi

0f symbols appearing here and in Figure 1,
R;(a) is range at time t; computed from a; ... a, and xg4, y,¢
B; is observed bearing at time tj
Xoi> Yoi 8re own ship coordinates at time t;.

Inspection of Figure 1 shows that E; is the miss distance of the

observed bearing line from the computed target position., The set

of equations for all of the Ej (1 =1, 2 ... n) can be represented

CONFLDENTIAL
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in matrix form

o e e o o AP I

— -
t,cosBy cosB} -tysinBy -sinBj rél x01°°SBljyolsinBl
. 2 . t
= [tjcosBj cosB; -t;sinB; -sinBj ag| - {XiCc08B;i-y,;8inB, !
: ay : :
tncoan cosBp -t sinB, -sinBy KonC08B, -V sinB, :

and, with obvious substitutions, in the more compact matrix notation :
E =Aa -d
For minimum variance-covariance of a, two conditions need to
be met:

T. ..
E"WE = minimum over a

-1
W

constant x (CE)
where CE is the covariance of E. Equations expressing the first

condition are obtained by setting

2 &TE) = o i=1,2,3,4

ay

then substituting for E, and carrying out the differentiation,
The resulting four normal equations can be written
Va =g

where Y 4 ATyA and g 4 aATua

If the residuals E are stationary and uncorrelated, as has

usually been assumed in previous applications of the CHURN, then

CONFIDENTTIAL
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the CE appearing in the second condition above is

E

C"= g1

2
E
from which

W = constant x ( aé I) " =1,

merely the identity matrix, We refer to the CHURN thus used as the
unweighted CHURN. Other assumptions about the statistics of E,
leading to a cE which is a full matrix, are discussed in Section III.

Time~-Corrected Range

For zny CHURN solution, there is a time, t¥*, when the sum of
variances of target coordinates is minimum (nearly equivalent to

saying the expected range error is minimum):
2 2
¢[(682 + tbal) + (6a4+ t daj) ] = minimum over t

in which error quantities are distinguished by a prefixed §.
Evaluation of this equation is made possible by a generel property

of least~square normal equations: if

Ya=g

represents the normal equations, then the covariance of the vector a

is -
e(dabal) = d’l

CONFIDENTIAL
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Using this relation to expand the expression to be minimized, we

obtain
2, -1 -1 -1 -1 -1 -1_ ..
t=( ¢11 + ¢53 ) + 2t( w12 + d@h ) + ¢§2 + 424 = minimum over t
and setting the time derivative equal to zero yields
_ -1 -1 -1 -l 4

The corresponding range, the "time-corrected range," is

1

R¢ = R(a,t*) = [(alt* + az-xo*)2 + (a3t* + 34-y0*)2:]2

The asterisk designates values corresponding to t = t¥%,

Since ¢-1 is available as a by product of the straight-forward
CHURY prbcess, the additional computation needed for time-corrected
range is trivial. The accuracy of this range is considerably better
than for range at solution time., Since the time-corrected range is
older, however, and since the other solution parameters are not

improved, its usefulness is controversial.

CONFLDENTIAL
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III. COVARIANCE OF E

As previously stated, the Bossard method makes the assumption
that the time derivative E of the residual E is exponentially auto-
correlated. According to the target motion used by Bossard in
reference 2, zig times are to be randomly drawn from a Poisson
distribution such that the probability of no zig within time interval

: is

ti to tJ

'Iti—tjf/tm
e 3-1)
where t; is the mean time between zigs. The new course is to be
randomly selected from a rectangular distribution extending * 6CT max

degrees about a mean course., With these conditions, Appendix B shows ?f

that the target course deviation has a covariance matrix

21 =lty - tsl/ty
e(,bchcTT)ij = "cﬂ e ]

(degrees)2 (3-2)
where 02 =1 (9 max)2 If the bear:ing rate is small, E i

cT T 3 Cp . e bearing s s
nearly proportional to SCT. Thus the covariance matrix for E should

have the same form:
. ) A T
B4 il =ct, e ! (3-3)

In order to use equivalent weights in the CHURN, which minimizes

ETWE rather than éTwé, the corresponding covariance of E is needed.

CONFLDENTIAL
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This has been derived as outlined here (given in more detail in

Appendix C):

t. £
cij 4 € (E4E;) = € [(Eo +L Y E av) (E, +_[ . dt)] (3-4)
[+

€ [EOZ + Eo (g + By - ZEO)] +£ti Ltj ¢[é(t)é(t')] dt dt'

£y pty -le' - tl/ty
E 2 i
~Coo * C?o + ng + oo £ 1; ! e dt dt' (3-5)

After integration one obtains as final result

- ey - e /ey
E _ E E E 2.2 173
Cij = Coo * Cjo * Coy + 9: tm [-e

ey ey =il
e

+ e -1+ (lti! + ltjl - Iti - tjl)/tm] (3-6)

The functions C?o(ti), ng(tj), and the conscant CEO vwhich result
from integration are completely arbitrary as far as the original
specification of E is concerned, but must be selected so that cE
retains the general properties of covariance/autocorrelation matrices:
cE should be positive definite as well as symmetric. Therefore CEO
and ng should be identical functions of t; and tj, respectively.

For simplicity, these restraints were met by arbitrarily setting

E _E _ .E _ 2 2
Cio = Cjo =Coo = 9 tm

CONFIDENTIAL
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Again for simplicity, the factor Géz té was taken as unity, since
for weighting purposes a constant factor on the covariance has no
effect. The result is the expression used ‘n many of the tests:

-leg -t 1/t -1ty 1/t
cE Simple = -e T + e "

-lts 1 ey
te O U (leg) + gl -legmegD/ (3-7)
i j i"t31) Mt
The origin of time was taken at the middle of the data window.
Seeking a more logical way of selecting the arbitrary functions
C?o, ng and constant CEO, we have derived a covariance E?j of

deviations from the mean E over any selected time intexval t, - T to

t, + 7. The derivation (given in full in Appendix D) starts with

t 4T
E ¢ (1/2r)f ® o drg 4o (3-8)
t -T
a
It follows that
£+ T
€(E4E) = (1/21*)[ (B4E;)dt, = 0 (3-9)
t ~-T
a
L+ T
0= [* oy ag (3-10)
tm T

v

After substituting from equation (3+5) into (3-10) and integrating,

it is possible to solve for CEO, ng and Cgo'

CONFLDENTIAL
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The complete covariance expression is then

-1t -t 1/
‘Egj = aéz tu? {-e 1751 -lti-cji/tm

- T/tm[e(ti-ta)/t:m . e-('ci-t&)/tm] .

-(t,/27) e (ti-ta)z/ZtmT

-7/ (ti;-t))/ -(ts-tg)/
tm[e it tm+3 j~ta tm]+(tj-ta)2/2tm‘r

) -7/t (3-11)
+ (tn/T) + T3ty + (& /27 2) [1 - e ”

Some computer runs were made with this covariance formula, using for t,
the center of the window, and for T one-half the window length.

There is some logic in the notion of placing t, at the end of the
data window instead of at the center. This should have the effect of
weighting the more recent observations more heavily, possibly yielding
more up to date solutions. This ides has not yet been tried.

We were somewhat puzzled to find that certain widely-differing
covariance matrices yielded near identical range results, while in
other cases a diminutive change to the assumed covariance matrix
significantly influenced the results. The former situation is illus-
trated by C?j Simple and'ﬁfj for which equations are given above,

(3-7) and (3-11). Numerical elements of the covariance matrices

discussed here and of the weighting matrices which are their inverses

10
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- are given in Appendix E. No resemblance is apparent either between
P covariance matrices or weighting matrices, yat the results obtained
were nearly identical. The other situation is illustrated by
(CEj Simple + .002I)., Although the diagonal elements of ng Simple

are thus increased by no more than 0.2%, the corresponding inverse matrix

is thereby noticeably changed, and range results were appreciably

influenced.
; , . =B - 4
Experiment has also shown that the combination (Cij + .0021) |
4 produced ranges nearly identical to those of (ng Simple + .0021),
RMS values differing less than 5 yards in cases tested.
<l
] ; IV. TEST CASES o
‘ The tests here reported used mainly the geometry shown in
i

Figure 2, this being the same as used by Bossard in reference 2.
? According to the reference, the target path in this geometry was

constructed by the algorithm described in section XII, using t, = 15

minutes as the mean time betweei. zigs, and selecting each new course
from a rectangular distribution iying within *40° of the mean course, 3
142°, Own ship retained an unchanged schedule of zigs throughout all
tests, and both ships maintained sneed constant at approximately

10 knots.

Solutions were computzd for a moving data span or "window"

oottt e e ene

usually 20 minutes in length, which included 11 bearing samples taken

11

(33
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at odd-numbered minutes. Thus the first solution came at 21 minutes,
followed by new solutions at 2-minute intervals,

In order to test certain hypotheses, variations in the zbove
conditions and solution methods were introduced. These included the
straight target path and sinuous target path shown in Figure 3, bearings
with noise, and a longer data window.

V. DISCUSSION OF RESULTS

1. Churn vs. Quadruples

The initial question attacked was why the quadruple method
proposed in reference 2 yielded better ranges than the CHURN for the
synthetic case used for demonstration (zigging target, noise-free

bearings). Several ideas were tried before equal performance was

achieved,
In the quadruple method, the single variable range is optimized.
In CHURN, on the other hand, the "time-corrected range" corresponds
to the minimum sum of variances of the two variables x and y. It
seemed possible that if by rotation of coordinates the range vector
was made nearly perallel to the y-sxis, and if then the variance of y .

alone was minimized, that a better range value would be obtained. No ;

significant gain was realized, however, as can be seen by comparing a
columns 3 and 4, first row, of Table 1. .
12 )
CONFIDENTIAL




£ A

o

PR

o

e i e,

CONFIDENITAL

The next experiment was intended to try in the CHURN a weighting
matrix equivalent to that used in the quadruple method. Through an

initial misunderstanding of this weighting, weights corresponding to

E . ~(ti-ty) /e
ij"(!

were applied to the CHURN. Table 1 exhibits the poor results thus
obtained (column 5).

Another experiment used the same weights divided by the range.
It is well known that CHURN produces biased estimates because the
residual E is scaled by the range. 1In a synthetic problem in which
true ranges are known a priori, some of the bias can be removed by

dividing out the range. Column 6 of Table 1 shows the improvement to .
,-

o

be neglibible.

Further examination of Bossard's quadruple formulation revealed
that the agsumed exponential (Poisson) distribution applies essentially
to é, rather than to E, The derivations of section IILI and Appendices B,
C yielded the corresponding covariance matrix needed to apply tnis
assumption in the CHURN. As shown in the first row, last column of
Table 1, the range errors thus obtained with the CHURN are even slightly
smaller than those of the quadruple method, It was corcluded that the
merit observed in the quadruple method arises froam the weighting, rather
than from geometrical vroperties. Subsequent tests, using the CHURN,
were directed toward learning the effect of this weighting and its
variations under differing conditioms.

13
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Although achieving a substantial advantage for a maneuvering

target in the absence of bearing meansurement nouise, the type of

weighting used in the quadruple method performed poorly when noise

1

2%,

was present, In order to separate the effect of bearing noise from

i

the effect of maneuver, tests were performed on a straight-running

target with unweighted CHURN and with weighted CHURN. The second

row in Table 1 shows that the unweighted CHURN performs better for

this case.
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2. Variation of Covariance Parameters

We desired t¢ . .vestigate whether adjusting the parameters
of the assumed covariance upon which weighting is based would bring
about any improvament, especially in the presence of bearing noise.
The second line in Table 1 indicates that the Bossard weighting
performs poorly when unccrrelated bearing noise is present. It
seemed reasonable that other values of tp might work at least as
well, since only three zigs at most occurred within any window, and
such a zig pattern could arise from a wide range of t; values with
almost equal probabilities. In addition, the derivation process
(Appendix C) contributes to the covariance of E an undetermined
constant Cq,, and undetermined functions Cj,, Cjo. A series of tests
was performed to compare results with variations in these parameters,

and the range errors are given in Table 2. The upper half of the table
E
0]

uniform constant to each element in the covariance matrix. The

shows results obtained by changing (CEo +C . - Cgo), e.g. adding a
effect on range errors is insignificant, with or without noise.

The lower pant of Table 2 indicates the effect of varying .
Performance in the no-noise case deteriorates, but in the more realistic
cage of bearings with noise, very substantial improvement can be
obtained by reducing t; to 0.2 - 0.1, The logic underlying this
result is only partly clear. The shorter mean time to zig implies less
correlation between observations, and thus corresponds better to the

uncorrelated bearing noise portion of the residual E.
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TABLE 2 1
- VARTATION OF t. AWD (Co. + CE. - ¢B) :
! B io 0j 00 ;
;
;. ) RMS Range Error :
; No Noise Noise Oy = 0.1° ;
| E _ E E At At ;
K Cio ¥ C.i = Coo | t(min) Solution Time- Solution Time- :
! 0] . .
3 Time Corrected Time Corrected
i
5 0.2 15.0 1914 699 6021 6715
: 1.0 " 1915 700 6013 6715
5.0 " 1921 709 6040 6716
L.0 28.6 2003 795 ‘
" 15.0 1915 700 6013 6715 )
" 7.0 1995 725
" 2,18 4140 3471
" 1.66 3786 2780 i
; i 1.24 3614 2288
" 0.87 4595 2564 3691 2104
" 0.87 4263 1963 (10) ;
" 0.67 3849 2084 !
" 0.43 4612 2348 (10) '
Target maneuver: zigs
- e -ts /¢ Sleg /ey, -les 1/t
E _ _ s A i J" ™m ) .
| c* = -e + e + e + (|t + Ile - Ity tjl)/tm
2 E E E
i + Cio T Coj - Coo

(10) RMS of 10 noise samples. Other entries RMS of 3 noise samples.

17
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3, Covariance for Combined Error Sources

Derivation cf the covariance as for the results of Table 2
accounts only for residuals arising from zigs, whereas the covariance
commonly used in the CHURN (proportional to an identity matrix)
assumes residuals arising only from Gaussian bearing measurement
noise. When both sources contribute to the residuals, it is reasonable
to add their covariance contributions. The sum, expressed in a form

to make the units of both contributions consistent, is

. _ 2. 2 E.. 2
Combined covariance = UE tm C~Simple + OﬁB I

where CE Simple is defined by equation (3.7), dé% is the variance of

E caused by bearing measurement noise, and I is the identity matri

of the same order as CE, Rearranging,

. . 2020 _ B o 200 22,2
(Combined covariance)/( o5t ) = C° Simple + otB/( o5t Yy I

from which we define the equivalent terms

cE Combined = CF Simple + &I
We have performed a number of CHURN tests to determine whether the
cECombined leads to significant improvement. Since the factors upon
which a depends would not be known with precision in practical

situations, we also wished to determine whether its value is critical.

18
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Figures 4, 5, 6 show the effects of variation in o on range

errors for three types of target motion. All cases include uncorrelated

bearing measurement noise. The RMS range errors have been plotted

against dtmz in order to normalize for the several values of t
included. TFigure 4 verifies an expected result, that for a straight-

running target the unmodified identity weighting ( @ = o0) is

optimum.
Figure 5 applies to the zigging target used in reference (2).
This graph confirms that a proper blend of CE Simple and I is

significantly better than either alone for this target in the presence

of bearing noise, except when t, is very small. It also indicates

that o may vary by a factor of three either way from the optimum
without serious degradation of the range solution.

Figure 6, for a sinuous target motion and bearing noise, also
shows advantage for the cE Combined, even though the statistical

distyibution of the residual E generated by this maneuver is entirely

different than that generated by a zigging target. The factor a is

again noncritical.
Returning to consider Figure 4 again along with Table 2, it
appears that as much is gained by reducing t, as by using cE Combined.

Figure 7, however, supports the use in the absence of noise of a value

near the theoretical ome, t; = 15 minutes. The conclusion to be drawn

19
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is, that the theoretically appropriate values of t, and a work at
least as well as any, but when the effect of random noise is large,
certain other values also work as well. A more specific characteriza-
tion at this stage seems hazardous.

4, Tactical Selection of Covariance Parameters

It is clear from Figures 4 through 7 that for best results
from the CHURN, the assumed covariance parameters t;, and & should
be adjusted to suit the noise and target maneuver. Since the a priori
information on target maneuver available to the tracking ship would
be limited, a method of adjustment based on preliminary data analysis
is desirable., We have examined several schemes for selecting the
parameters, with doubtful or negative results. One method consisted
of comparing the variance of bearing residuals based on the same data
but with different assumed functions for the covariance of E. It was
hoped that small residuals would correlate closely with small range
errors. In Figure 8, the variance of residuals is plotted against
RMS error of time~corrected range, and in Figure 9 against RMS error
of soluticn-time rgonge. Points plotted in these figures are coded to
distinguish three combinations of zig and/or bearing noise, and for
each combination a variety of covariance functions is represented.
While scome correlation is noticeable between bearing residuals and
rangs ertors, the relation is not as consistent as one desires as
a basis for choice.
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5. Zig Detection by Autocorrelation of Bearing Residuals

Unfavorable results were obtained from our attempts to detect
zigs by means of the autecorrelation of bearing residuals. The
principle involved is that the shape of the autocorrelation curve

estimated from the sample,

R(T) gample & [mean 8B(t) 8B(t + 7)]/[mean §3(t) §B()]
should be different for zigging and nonzigging targets. If one assumes
that bearing residuals should have the same covariance (except for
a scale factor) as the cross-range residual E, then for a zigging
target with bearing noise the expected R('r)sample would be the
theoretical curve drawn in Figure 10 on the ieft side. This curve
was computed from the covariance

TE 4+ 0021

For a non-maneuvering target with noise, the expected value of

R(T) would be unity at the origin and zero every where else.

sample
Figure 10 exhibits the empirical R(‘T)sample points obtained

for two sets of three runs. Both sets are identical in conditions
except that one has a zigging target while the other has a straight-
running target. The "random" sequence of bearing noise values is the

same for each set, It doec not appear that any clearcut characteristic

distinguishes the zig cases from the straight path cases. Furthermore,
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each curve is an average over 49 minutes of data, which is generally :
too long to wait for the basis of a shipboard decision. {ith a lower
noise level a better result would possibly be obtained, but the level
assumed is not unreasonable. The value 0Oy = 0.1° applies to generated
bearings two minutes apart, corresponding to a mean of sixty or so raw
bearings.

6. Time-Corrected Solutions vs. Longer Windows

Reference (2) proposes extrapolation from a sequence of time-
corrected rauges to obtain range at present (or desired) time. It
ives examples of time-correction applied to CHURN to support the T

assertion that the line joining two time-corrected ranges from suitably i

Y2
2o

chosen windows can be extended to estimate present range at least as
well as a single solution covering the entire interval. The advantage
is said to be greater if the tracking ship executes a lag-lead-lag
series of course legs. g
Our tests of this method employed different conditions than
those vi seference (2). The most significant differences are that we

used the zigging target of Figure 2 (instead of a straight path), a

WELS. S LT T o1 P TINN

: different noise level, and weights corresponding to

, o
; cEcombined = CESimple + .002 I v j
i in the CHURN (instead of the unweighted CHURN). This covariance has, . k!

in our other tests, yielded the best overall range results for this

cadba fu o o
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geometry and noise level (¢7B = 0,.1°) ., Time-corrected ranges were
obtained for every 20-minute window possible in the run, and solution
time ranges for every 28-minute run. The process was repeated for two
additional rurs with different noise samples. 1In Figure 11 the solid
lines represent errors of time-corrected range plotted against the
best range time" at which the time-corrected range applies; certain
points have been labeied with the time of solution.

As predicted by reference (2), the best range time tends to fall
near the beginning of a window which spans a lag-lead sequence of
tracking ship legs (points labeled 21 ox 39), and near the end of a
window which spans a lead-lag sequence (29 or 49), Thus the pairs
21 and 29 or 39 and 49 provide favorably long baselines for extrapola-
tion. Circled points terminating the short-dashed lines show the
range errors resulting from extrapolation to present time, at 29 or 49
minutes.

Figure 11 also shows the range errors at solution time using
28-minute windows (square points). The 28-minute windows ending at
29 or 49 minutes encompass nearly the same data as the pairs of
20-minute windows used in extrapolation. At 29 and 49 minutes,
therefore, a direct comparison can be made between the two methods:
extrapolation of time-corrected range using pairs of short windows,
versus solution time range using longer windows. In this case the
verdict is nearly a tie, but it is evident that the scatter caused
by bearing noise would mask the small advantage which might exist

for either method.
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VI. CONCLUSIONS’

We find that the major contribution of Dr. Bossard in reference .(2)
to passive TMA technology is to demonstrate the effectiveness of
appropriate statistical weighting., Our own tests have shown that the
CHURN, with equivalent weighting, performs as well as the quadruple
method preserted in reference (2). The importance of weighting would
apply to any type of solution using redundant data.

The weighting used in reference (2) was derived to fit a particulaxr
target maneuver strategy, assuming no bearing noise. When random
bearing noise is present, however, solutions with this weighting are
poor even without zigs; indeed, the unweighted version of CHURN is
then optimum. A combined weighting has been found to be best when
both noise and maneuver are present., Although the combining proportions
are not critical, further work is needed to develop a method for
selecting the best weighting on the bacis of information available
to the tracking ship.

Compared to the unweighted CHURN, the CHURN with weighting derived
for a zigging ta.get has been found superior for a sinuous target path,
although the residuals generated by sinuous motion have an entirely
different statistical distribution.d This result leads us to hope
that one type of weighting can be used for a variety of target
strategies,

Our attempts to distinguish target zigging from straight path
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by examining bearing error autocorrelation were unsuccessful. This
idea would probably work at lower levels of random bearing noise.

In our tests of time-corrected ranges extrapolated to estimate
present range, no adrantage was observed over solution time range.
Since the number of cases tried was only three, the tcafter due to
noise masked whatever small difference might exist. Time-corrected
ranges vprobably bave sther applications, since they indeed have
smaller variance than solution~time ranges. For instance, information
that the target has been approaching since best range time may exist
in a form not available to the computer; even if solution time range
is wild, the time-corrected range would provide a fairly reliable
upper limit,

The statistics of maneuver introduced here in the CHURN can also
be introduced in the optimal (Kalman) filter technique now coming into
favor, Reference 3 describes a Kalman filter and trials on real data.
The formulation given permits statistical variations of target velocity
components, i.e, target maneuver, and in some of the trials the filter
did assume non-zero statistics for velocity changes. All of the cases
tried, however, had a non-maneuvering target. The suboptimal results
correspond to our own results with the CHURN (reported herein), when
using weighting appropriate to a zigging target on a straight-running

target.

25

CONFIDENTIAL

Ry

A




ez o

T

gl

TZ

CONFIDENTIAL

VII. AREAS FOR FUTURE WORK

Taking full advantage of weighting requires a method for
selecting a near-optimum weighting function, given such information
as a tracking ship can possess in the tactical enviromment. Our few

unsuccessful attempts were aimed at extracting a weight selection

criterion from bearing data alone. While we believe this not to be

hopeless, further studies should consider the use of bearings together
with other sensor data in a combined solution method. With the
maneuver detection problem thus greatly reduced, appropriate bearing
statistics would be available to enhance the combined solution.

In addition to target zigs, other sources of correlated errors

exist for which appropriate weighting could improve sclutions. Examples

are own ship position keeping, and bearing measurement bias. Enough
is known about these particular sources so that error modeling would
not be difficult. Investigation is needed to determine how large the
potential improvement would be, and how to introduce the statistics
into a solution.

Inasmuch as the Kalman filter solution method appears soon to

become the standard, further innovations should either be implemented

in this framework or tested in competition to it with respect to

accuracy and computing economy.
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APPENDIX A

Quadruple-Bearing Range Solution

The following is a computing algorithm for obtaining range
estimates from sets of four observed bearings, and for averaging with
appropriate weights the estimates spanning a data window. The result
is a range solution at best range time, i.e. a time-corrected range.
While diiferent in form, the equations used here are equivalent to those
presented by D. C., Bossard in reference 2.

In a time interval (window) containing LW discrete equally-spaced
observations, the observation times are designated

tp = time at beginning of window

tpy1 = tp T A4t

ty = tpyy + 14¢
Similar subscripts on other parameters refer to corresponding observa-
tion times. Further definitions are

B; = bearing

Xois Yoi = OWR ship coordinates

Sij = gin Bi cos Bj « cos B; sin Bj

]

Cij cos Bi cos Bj + sin Bi sin Bj

Dij = (xg1~¥0j)cos By - (yoi'yoj)Si“ By

Lij = '(xoi”xoj)Sin By - (yoi-yoj)cos B;

A-1
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Using the above definitions compute the following for 1 § i ¥ (LW-2):

Dj =85 3-1 = Ci-1,b Ci b+l Sb+1,b

Q
1

1= [y 50 85 501 7 @551 - Dbeap G5 ,410%-1,6 1/04

o
1]

(tiq - &) 85 5.9/D5
7= Bt Ciy b Sy p/Ds

The range estimate for a single set of four bearings, although
not explicitly used in the succeeding computation, is (ﬁb cos 619

in the equation

A
(R, cos €)= o3 + By (5pI)y, + ¥ (SpDpyg

* (-C5_9,5C,b+1%+1 )55 O1-1,%,b-15 Ci,b5 “Ci-1,p) oD

in which Sq;I is the line of sight compeaent of target speed, and
€, 1s Fhe angle subtended hy the cross ranée residual Ep.

We proceed next with the computation of weight, It is shown in
reference (2) tﬂat the in-line range residual is approximately
propor tional to

dRyy = (-Ep + E; ) /D4
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This, together with the assumption that the covariance of E is

& e"ti'tj'/tm 4 pli-Jl
ij =
leads to a covariance for the in-linc range residusl
R ]yt -3
Ci,j = (1-p -pP +P )/(Di Dj)

This is a symmetrical matrix in which
1§ i,j ¥ (1W-2)

Compute the matrix and its inverse. Compute weights using the formula

Ly-2 R -1 /LW-2 1W-2 -1
w=Z & [z I
j=1 ij/ i=1 j=1 ij

Compute the weighted means

LW-2
I wa
=1 T |

R}
n

LW-2

™|
n
™
x
[N
=
o

iW-2
Y= ¥r w7
i=1 ifi

]
1]

=

tb+
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Interpolate for B 3(t). Then compute

th =t + 7 cos (E'Bb-i-l) [cos (_ﬁ-Bb)

Interpolate for B* = B{&*), and finally compute
Rx = L —
[Lpi1,T = Lpsy, e

+ ( a - Lb'E) cos (§ - Bb+1) [cos (§-Bb)]/cos (B%-Bpyq)

which is the time-corrected range for the window.

A-4

CONFIDENTIAL




e o et e . AR e e O ok

CONFIDENTYAL
APPENDIX B

Justification of Exponential Correlation for E

Consider a target vessel which is traveling at constant speed,
making good a mean course while performing zigs as evasive maneuvers.
The zig strategy is assumed to be as follows: the time for each zig
is selected so that the probability of no zig in the time interval
t; to t; is
* ! -leg-ty 1/t
P(no zig between t; and tj) = e €N
and the deviation from mean course resulting from each zig is drawm

randomly from a rectangular distribution of variance G%T = % (b(ﬁjnmx)z-

Then the covariance of target course deviation GCT is

Ccr

H

JINCHRINECNY (2)

= GET P(no zig between ¢£; and tj)

+ (zero)P(any zig between t; and tj) 3)
-leg-e /e,
2 175
= Ycr ¢ {4

The constant t turns out to be the mean time between zigs.
As a linearized approximation, the cross-range error residual b

regulting from such target maneuvers may be written

t
i
Ey =f° Spy 8Cpdt + E (5)
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where ST}‘_ is the component of target speed parallel to the bearing

line. Then the time derivstive of E is

By = Spp(t5) 6Cu(t;) (6)

and the covariance of E is

elih) %

L}

elspp(t;) Spp(y) BCpley) d(CEy)] (®
If the approximation Spp = constant is accepted, (8) becomes
E _ 2 . 2 ¢r
Substituting from (4),
. ~le -l by
E 2 2 1]
showing that the covariance of E arising from target zigs of the type

described is approximately an exponential function of time difference,
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APPENDIX C

Covariance of E Derived from Covariance of E

Given that the covariance of the time derivative E of the error

residual E is
£ 2 lale

Cij = Ué e (1)

then the covariance of the residual itself is

ti . t:
ng = €(E4E;) = e[(Eo +£ Edt) (E, +£ 3 Edt)] )

[

tiets . .
E[Eoz + Eo(Ey + By - ZEO}] +[ 11; ) G[E(c)E(t')] dede'  (3)

t t, -let-ti/t
f j[f i e m dt}dt‘ (%)

0 o]

E E E 2

i

Integration will be performed piecewise over regions within which

the sign of the exponent can be insured. The double integral becomes,

ifti7/t.s>/0

ftj[ft‘ e(c-c')/cm dt +fri e-(t-t‘)/tm dt]dt'

° (o} t!
t -t'/t ~(ty-t")/
an j[e " e 1 tm+ Z]dt'
0

-(eg-tg)/ -ty / ~ts/
qf (-e 17550 + e 1% + e 3% -1+ Ztmtj &)

i
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i 1f tj > ty 2 0, symetry with respect to i and j leads to the i

analog of (5)

-(ey-e) /ey -tyle
+ e

: tﬂ% (-e - 1)+ 2ttty (6)

I£0 2oy 7 i the integral of (4) becomes

o ' (e-t) /ey o ~-(t-t')/t,
f [f e dat +f e dt]dt'
tj ty t!

(t4-t")/t t'/
=r~mJ‘°[-e N m'-e tm+2]dt'

g
-2 (_e(ti-tj)/tm . eciltm . etj/tm S 1) - 20, - 53
By symmetry, 1£ 0 7/ ty £ the analog of (7) is
£ (-e(tj-ti)/t“‘ + eti/t‘“ + etj/tm - 1) - 2ty (8)

If tg 2 0 2 ty, the integral of (4) becomes

P )
o]

(o)

t -(eg-t")/ e/
""tmfj[-e AL tm](w

(8]

Seyme) ey byl nyley
-e + e +

= 2 ( e - 1) (9 '
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Again by symmerry, if tj 7o t; we obtain the analog of (9):

-(tj-ti)/tm+ g/, g/t

. i:m2 (-e e + e - L (10)

Expressions (5) through (10) can all be represented by

-leg-t5 Ve gyl .’tj [/t
+ e +

t2 (-e e - 1) + 8 (11)

s Al i 9 T

where t; § represents the term following the parenthesis in (5)

; through (8), and is zero in cases (9) and (10). Empirically one

may verify that

‘ 6 = legl + deld - leg-gyl (12)
1 5 J :_
1 j
§ fits the requirements. Substituting (11) and (12) into (4), i
E _ E | E E |
Cij - C'i.o *‘ Coj - COO

) 2‘__e'|°i'tjl/tm+ -leg /ey “leg /ey §

? + 0f tn ] e + e 1
+ (leg) + lcjl - lti-tjl)/tm] (13)
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APPENDIX D

Covariance of E for E = 0 Over Selected Period

In a previous derivation the expression

E _ E E E
-le.-t. [/t -leg /e -lec I/t
2 2 i iV m iy j M
+ Ué tm [-e + e + e - 1
eyl olegl - dgeg /gy | W

was obtained for the covariance of E, corresponding to a given
covariance for the time derivative of E:

é 2 e"ti'tjl/t‘u

Cij = Ué (2)

CEO stands for a function of ty only, ng a function of tj only, and

E
Coo @ constant. These arbitrary quantities are not further restricted

by equation (2), nor by the general requirements for autocovariance
functions except that CEJ mugt be positive definite. In order to get
explicit expressions for the arbitrary quantities, another requirement
which seems reasonable is here imposed: that the mean value of E

over a selected interval t; ~T to t, + T ig zero,

E+T
F o= ja Egdty = 0 3)
2T ooy
a
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The covariance which meets this requirement will be designated TE.

From (3) it follows that

N et ke g TR

£t -T
=1 a = 4
t -T
a
LT
1 fa
0= —— C. .dc, (2
2T - ij i

Before substituting (1) into (5), equation (1) is abbreviated by
replacing with Fi, Fj, and K all of the terms in t; only, terms in

only, and constant terms, respectively. Equation (1) becomes

t
-le -t 1/
’éfju aé?' t:mz[-e 17 txn-lti-tj[/tm+Fi+Fj+K] (6)

which {3 substituted into 5, dropping constant factors:

t+T -t -t 1/t

0 = . ~e L mflt:—tl/t + F; + F, + K |dt ¢))
e 7 1 3" "nm i ] i
a

t (eg-t4)/
=L j’r[-e 13 rTn~!~ <ti“tj)/tm]dti
u
e +T - (ty-ty)/
+fa [-e B tm— (ti-t:j)/tm]dti
3

bt T
+f Fedey + 2‘TFj +2TX (8) .

J,-T
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(tg-t) /) 1t
= [—tme ; + t%/Ztm - tity/ty ]
Je -r
a
(ti-tj)/tm ) 1T
+ [tme - t2e, + titj/th
3

ta+'r
+f F.dt; + 2TF. + 2TK
¢ 1 1 3

-T
a

(9)

(ta-T-tj)/tm 9
[T [ ot 2 o]

-t Tt /ey ,
+tm[e ) ’ }‘[(ta'*"r)z"t?]/Ztm+[tj(ta+T) -t_‘;‘]/tm

ta+7'

+
o

Fydt; + 27F; + 27K

a-‘T

=TI T (ts-ty)/ -(t, -
O=tm{e Lm[e j a)tm+e(tj ta)/"m]_z}

+ (g4 - tg)2/ty - Tz/t;m

t 4T
a
+f Fidti+27'F. + 2TK
(o J
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By symmetry, (11) may also be written with i and j interchanged:

2

-/ (ts-t,) -(t.-t )/t
O=tm{e t!n[elat!ﬂ+e ia m]-Z}

- (gt e - TRy, (12)

tgtT
+/‘ Ffuj+ZTFi+27K
ta-"r

Subtracting (11) from (12), noting that fFidti = fFjdtj:

T/t [ (ti-ta) /e, -(t5-t) /1ty (ty-ta)/ty -(t5-tg) /ty ]
0= tme e + @ - e - e

_(ti-ta)zltm + (tj-ta)zltm + ZT[Fi-Fj] (13}

Because t; and ty are independent, the terms in t; must sum to zero or

a constant, and those in tj also must sum to zero or to an offsetting

| constant. We assume that the constant part, if any, is assigned toc

K. Then

- T/tm [ (ti'ta) /tm
e +

e e

-(ty~tg) /¢
i m:l‘(ti‘ta)z/tm +27TF =0 (14)

- T/ty [ (ty-ta) /ty '(ti'ta)/tm]
e + e

F,= -(/2T)e + (-t} /2, T (15)

i An analogous expression applies for Fj.
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To evaluate K, substitute (15) and its j-analog into (11}:

=Tl g (ti-ty)/ -(ts-ty) /t
0=tm{e tm{e j a tm_*_e j ra m]_z}_ (tj'ta)zltm”’rz/tm

t +r -1/t (t;-t )/t -(t;-t )/
+fa I-(tm/27‘)e m[e iallt,  TMiTTa tm]
t -

|
8
a~ T

e + e

“T/tu[ (t,-ty) /t -(t; -ty /t
+(ti-ta)zlztmf}dti+27{~(tm/2'r)e tm[ j & m i m]

2
+ (tj-ta) /2tm'r} + 2TK (16)
/ ol
-1/t (t.-t.)/t -(ti-t)/t |
0= -2t -‘rzltm - (té/Z‘r)e m[—e tatm, th
t,- T
) . 4T
+ (1/tm-r)[t§/6 - tati/2 + t;'ti/Z ] + 2TK an
t -T
a

e

-T/t, [ T/t -T/t:m]
e -

0=-2t - -r2/tm - (t‘i/ T) e

+ (1/6tm'r)[(ta+'r)3 - (ta-T)B] - (ta/ZtmT‘)[(ta+’r)2 - (tg- 'r)z]
2

" (t:'/2tm'T')[(ta+'T) - (t,- 'r)] + 27K (15)
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-27/t ]

K=tg/T + T/3t, + (t?;,/ZTz) [l-e (19)

If equation (15) and its j-analog and (19) are substituted into (6),

the complete expression for covariance is obtained:

-lteg-ti /ey
e a-ztmz{-e + - !ti-tjlltm

Ci; E

-T/;n[(ti-rd)/tm '(ti'ta)/tm]
e + e

- (/27T )e ¥+ (ty-tg) 22, T

+ (tj-ta)ZIZrm'r

-Tit [ (ts-t )/ -(ts=ty)/
- (£ /2T)e m[e 12 tm-i-e J e tm]

-2T/
+ tm/'r + 'T'/3tm + (t‘%/ZTZ) [1 -e tm]} Qo

If t, is taken as the time origin and the window of length w

coincides with the interval t,-T to tg+7, then (20) simplifies to

X -le. -t |/t
LIREES {’e IR LA

-t
3
e +e +e +e ]+(t12+tj2)/tmw

~w/2t, [t -t tj
- (tm/w) e { ' t

2 Wity
+ 2l b owlbty + 2e2/w) |1 - e 1)
Equation (21) has been used for some of the reported tests.

D~-6

CONFIDENTTAL

PR, AP e e e

R AN AR s e




T A W ey

QATATSSVIONN
£0+37¥53¢€°  £0+32628°~
£0+32628°~ h0+37572°
20470266 h0+230202°-
£0+_ 60T~ E0439228°
dU+3266L° £0+30672°~
20430207 %= 20+36929°
1G+30902¢  20+18¥IT -
V04 *€99L - TL+I505%°
LO+ILh02®  THHATOR2T -
I0-3R2T5°- QL4+3InTRE"

P R PP

10+3T9ET"
10+ra2H2T°
I0+J36321°
TUrIgny1e
T0+.:09307"
0+43L00T
[ ULIRE 294 - T
Ud Y 3vGun*
[FTLURIRA 3 i
vG+:ingol’
L4292

10-38216°~

T0+325271°
Th+3In2T"
Fp+ 322t
Te+35211°
Tr+36501°
To+3C001L"
Gl+37306
OC+3BE06 "
Ln+3n29g°
00+30028°
ChLaINgH 2"

£e+38455°
n0+30202°
h0+321962°
n0+32¢822°
se+ILERD"
£0+39052°
2U+3n029°
2C+3n621"
10+3T8¢Ln"
T0-+38027°
00+32902°

TG+33127°
10432617
[a+3Thity”
10439507
T0+39n07°
Y0+30005°
004+ lans”
gg+a9226°
GO+30715%°
CG+3%€99"
po+226E8°

28I9AUT

£0+38647°
£0+382L8"
h0+32822°
10+36T0E°
he+32522°
£0+5,36c5"°
£6-39182°
20+32€49°
AR ELE YA
16+3509h0°
0G+3€332°

10+43ent¥1°
1e+302171°
T16+36601°
10435907
TU+3EL0GT
TB+306067°
BU+4328e6°
nC43T500°
80+392c0°
Co+39¢836°
60+33588°

[

sS3T pue °f

c0+3265¢€"
£0+395g2° -
20+3L680°
ng+32e22* -
h@438208"
70+3€522° -
£0+431096°
=0¢33762°~
20+3%029°
20+380091° ~
Tg+399ye”

10+356901°
Te+3AveLT”
Fg+39%01°
Tor3280T°
LA TR A
10+3000T°
08+37m80"
Ju+32020°
G0+3lv6b"
00r326n6"
00¥33I685°

PO v

-
e

1-9
s >
d iz
wrg 79 - 1 @andtJd
q

c8+3040T°- T0+37G932°* O00+3£93¢L°*~
2el+3bu29°* 20+3L e9T "~ TG4+3506H°
0436052~ 20439029 20434H6LT7° -
£0+266E6 " £0+439162 *- 20+328£29°
hB+3£622°~ £0+43T0y5* £6+38762° -
B0+3%208" 20+32422°~ L£O+3UHES"
n0+3522°- w0+32208° npB+32622° ~
€0+ 3vbE0" 00+32¢<«Z2°~ 1i+3bTOE"
E0+36652°- £0+3L<Fp "’ n0+32€22"° =~
20+3bg2y " £0+30&6E2*~ LU+IULLYE®
20+30201°~ 20+Q2EGE* LUAIEGEHT* -
104300071 BO0+3T6EH" 0C0+3bau8"
Tes+3020T1° GL+3EEenn® pe+30806°
I¢+300071" 00432656 " G+39226°
10+300GCT" G0+32126" 006+316N06°
T0+3C00T° GR+39 rydH° 0L+32826°
1C+3L00Y " Te+30CaT To+300CT"
To+20001" Ta+32101° TC+38£0T "
T0+36006T°  J0G+32£07T° TU+IGGGT*
104300607 T3+39%01" T+ 366067
T0+30C0T" Te+384nT TC+302:1°
TO+500010° 106+36%01° T0+43e0T7T°

b ]

o

Vi

wny
1

g0+32H02"
1C+3002T°~
T0+3T8LG"
20439527°~
2e+3n02e"
£9435082°~
£0+3L6€6°
no+32gee”
H0+31362°
nu+302¢2° -
£0+438265°

Go+r3Icoge”
GL+3hEYS”
00+33766"°
Gt+39226°
0C+3Lpse”
Ioe3000T "
10+43%%067"
T0+35507°
YG43T911°
Te+328 17
10+3872T°

‘17 = F3
w
ST = 3
T0-382715°- 20-3£229"°
00+34T0L* T0-38275°~
T3+3002T°~ 00+3CH02°*
10+35097° 09+3£62.°~
20+ 384T *~ TD+434H992°
23436889 20430401~
£3+306E2°- 20+43/.56F"
£1)+436L4.8° £0+3860T°-
204+ 30202~ LD+IRLG5°
23+3£612° £04325¢3°~
€0+32826°~ £E2..TSEE
0l+3%862"° GO+37z29¢L°
go»36828" ane3OR6L"
£I+36L35° QL+3c6L09°
BI+33E0L" PR -T2 e
ud+3EF96*  L0+316€6°
To+30007T° Ie+3000T°
13+3€507° T0+3¢e30T°
TE+302TT* T3+3ERTT°
T0+3281IT" I0+2€727°
T343Th2T* T0+32B21°
T3+3262T° 10437987
@ITITSSVIONO

~

32




o e e e e

y0+3€922°
20 +356 5%
20+31116°
4O +40 199
20+3€7LN "
2o+3l ey
20+3%0L9*
YO +355L%°
20 +3€56%°
20 +5ucES”
23+ 43LE1°

00~3422¢°
00-35662°
00-37161°
00-30221°
10-4032¢°
10-355¢€1°~
10-3359L°~
00-J6vel®-
00-35L81°~
00-3yyEee-
00-395L2°~

“ ’
QITITSSVIONN
»0+386%%°  »0+31115°
50+3%EL1®  uD+dysOl”
3J2+dddd1*  50+30091°
53vdlev 1 »u+dUOES®
5J+d45021°  wyordveel®
5dvdovel®  SOead21L"

$0+dlextl”
SIviovel®
ERERITA G
52932021
20+t 3t le="

dI=dvHal*
Q0=3%. ic*
V-31197°
30-21501"*
-douly*
¢0-450vs"*
W0-3L1c
00~g2eil”
00~3dLs1*
00=-35851°
00-5vveZ"

-

S0vILvTIL"
S52rdZsll”
53+49011°
YU+30621"
RJIrdehan®

00-3y1ul*
JI~JT191*
DI=dosdl
[3=i0svy*
10-4gbin*
C0=4Z%ed*
10—=423%y°
1)=d249y°
DI-d kel *
PREKE-FATS
00-dsLer"

»0+3019%°
a0¥3LERT”
»0+300t 0"
20ra8061°
BOrluyJo®
0300l
FICEFA S O
sGrdeilt”
20+42Zs1 1"
al+3ove ]
70+dobuLin”®

VU-40cet”
00-31%01"*
{O0-409%u*
1U=5¢L129°
[O=dadve*
CU=deIe"*
LL=30Ltc*~
10~-3e gy *~
[Q=-d749y° -
00~-d2211t°-
00-36%g 1~

9SI9AUT S3T puw

Y043 €LYy
SU+460¢81°
SO0+d%ecl*
Y0+36995°
SUIVB YT *
7043000 °
su+jcLete
sO+d Ly ELe
SUdLil”
SO+ tlecl®
LAVEE T PR

10-408¢u*
10~3dyuln®
10-dg51v*
TC-dulve*
10-dy¥ec®
dU=-Jul7u*
CUmF 7 Y=
ﬂCIWOFﬁ—oI
TU-3YTsh*~
Tu-sLley*~
10-3889L -~

e
e

e SR Py

z-4 ,
¢ s [t 5 g6-
e . d
0="2 ‘1 = M
4
f1, - 7 sans1a
(o
Y0+311L%* %0+4390L1%° H0+366LH°
SO+ISHE LT SO+dltel® SU+ab7(*
SO+302T1°  SU+aL91l°® o0+32511°
SU+00LCT°  SU+3LFTL® S0+3clll”
YU+a0Lv0* SO+a3dlel®  »O+xL91L"
SO+dLL2TY  2043ULHL° S0+ 0L2 1"
v0rEILS0°  SU+HUB”L®  %0+d5 7y
SUrJ0Le1l® 20+0599%5° sSU+asJdG1°
SO0+50¢l1®”  LU+d7ec¢l® 2u+aJdous®

GU+ds%E 1"
UtatiiLe”

10-3Guel*~
c0=o53v0 "~
cU=-32Z9 2%~
CU=-J1evte®
2u-3sre”
10-aL%01°*
CO-suevy®
CcU-3te9r®
CU=32yvec®~
¢O=a30%0"~
10~-366€1°~

sUZ ol
20+se7L9”

tI-Jvuyl *—
U-3L1cy -
1O-499sy°*~
tU=~aul e~
C0-3veen *~
e=dui v ®
To=-duyec®
10-dulye*
it-36ni7°
lu=gvory*
10-5082%*

ELEAE TR o
AR IR ML R

VU=-5bye 1°=-
VU=l ® -
10-u¥%%93°—
0=oeilou’~
13-32tlc”~
CU=aie9c”
Tu~dsgve®
=L ey ®
10=9D55k"*
VO=~-dinpr*
00~-30221°

20+2€554H°
$0+dUalT
sU+avI 11
sO+deslt”
PRS- TA RS B
$0+30ci1*
$5+3vE21°
U+ 30088
SG+300v1°
5L+46301°
yO0+31117s"

C0-35.81°~
ULO=-38L81 "~
vO~-J1v21 -
10-3y5¢0°~
1O—-aby6y =
co-3Thege -
Ww~3861%°
10-3G556 *
GO-36571°
ou-3ii9te
00-39161°

Y0+ 3€2¢6*
SO+56051°
SCe+3G62L"
S0+36YS1”
SO+31¢€Ct"
S0+56%¢€ 1"
SU+SCO0ET "
GO+3LERT"
SO+5E80°
SO+ 3veLtL.
YO+ 3840y

Ou-3%%eg"
JI-558671 "~
U0-38L51°~
vu-zcZl1*

70+36L81°*
20+3E2€6°
2U+3ES557°
20+3065L%°
70+330.Lv°
Y0+=11.2%°
YU+3E7Lly "
2U+50197"
70+31116°
YC+ 38677 "
YG+3EIET M

UU—3.6.L2 *~-
00-3%%¢e
GO-35431°~
Gu~357¢1 °~

1G-5L129°~ {0-3usvL° -
£€0-35078°~- 10-3%6¢€1°-
10-358L%* 10-30826°
LU-3iS01*  ge-3uZ2l”
VO~ 1191 00-39161°
Ou-3€E€1Z° 00-35662°
00-35652° 00-3822€° 32
JITITSSYVIONA




20+32£286°
£0+51281 ¢~
I0+32607 =~
20+ xhi22°
0+396171°
TC+3vng2e
Qe+ 35902~
up+3£918° -
JarsG2IT
I-32902 -
10-39282°

10+3£927°
0452621 °
f0+3¢e12T°
1e+3ENTT
30+06937 "
10430007
(0*3Tulb*
[ Qe SR I
BOIEHE8
Jo+Jn@s2°
goe 32232

.. _ N e e — e bt e e < 2 s e -
€-d
JIIATSSVIONA
S < L e d umh
s s> It 5 ¢~ 7T = "3
w,
ST = 3
asxaaut S3T pue (IZ00°' + mﬁmaﬂmﬂwov - ¢ 2an813
£0+312E7°~ T0+32607°~ 20+432722° 20+336TT° T0+39452° 00+43£902°- 00+3£918°- 00+30LTE"~ ¥)-3.9492°~ T0-3929L°
€0+430622° €0+390£1*- 20+43680£°~ T0+39209° T0+32853° T0+326he* 0L+39608° C0+3320%°- 0Q+39282°- 10-349%2°«
£€+4330T7°- £0+33522° £0+350£T°- 20+3560€°~ T0434%09° T0+3n%5%° T0+3206€° 00+3506E° 02+39204°- 00+3027C°~
20+43580€£°~ £0+36027°~ £0+38082° £0+3282T°- 20+43YL0L°~ TO+35166° 7T0+439048° TO0+3T06E° 33+3908E€° 00+373768°-
10+3n209° 20+3b60€°- £0+432827°~ £0+32262° £0+39L27°- 20+3T702°~ T0+36T65° T0+39956° T0+328%E° 00+3590Z°-
T0+432868°  10+3%139° 20+438EZ0E°- £0+438£27°- £0+36282° E£0+38427°~ 2U+3GE08° - TP+37009° 13+32868° T0+39962°
TE43L8nE*  J0+I9n68°  TL+3ST6S°  20+3THEE"- £0+36227°- £0+38232° £0432027°- 20+36508°~ 13439209 2C+396T11°
06+3908E°* T0+3E0GE"  10+4390%¥* T0+35165° 20+3IPE0L°- £0+43262T°- £0+34082° £06+360£T°~ 20+3680€°~ 20439722
06+3920%°~ 0C+360BE" TO+ILCSE"  TO0+3n958° T0+3%h09° 20+35EDE°- €0+300€T° - £0+38522° E£0+393£T°~ 10+3/607°-
00+39282°~ 00+3920n°- LC+3304E* 10+432849€° T0+32668° 10+437/09° 20+36U0E°- CO4390£T°~ £0+4239G622° €C+31288°~
10-323h2°~ CC+IRLTR - QC+IE3TY — DL+ITYLL® - TC+ANNGZ* 20+3V6TT* 20+434722° T0+3(507°- T0+35T2€7°- 20+32c06° M
10432621 T0438T2T°  TO+3LhTT*  T0+¢3590T* TG+30007° G0+3TLi5° 00+38688° 00+326£8° 60+39862° [0+32292°
10+3€»2T°  10+326T1° 10+30277° TO0+3¢6LI* TO+3000T° 00+3fund* 00+30805° DC+37E98° DD+38826° 0L+3%964°
T0+328TT*  I0+3£7T71°  T0+43538T° T0+39%01°  30+430007° DO0+3Z%56° (0+3%225° O0C+30T68° 0D+439E9¢° QQ0+325E8°
T0+3227T*  TC+3G60T°  T0+432907° ICH3TE0T*  T0+43060T* 00+32025° 00+4375%5° 00+33226° 03+30806° GO+34583°
10433507  T0+433h31°  TO43ZTLT°  T6+35T61°  T0+30001° CO+Inned>°® 00+432023° 0C+352966° 03+3ER46° 00+31686°
T0+3020F° TO0+30301° 12+3000T° T0+3000T* T0+3200T° T0+3000T° TO+3G600F° T6+3000T° T3+3000T° TO+3I600T*
CO0+3E876°  D0+72356° 00+432026° J0+3%w6b®  T0+30606T°* T0+36107° T0+3£E0T* T0+33907T° T5+38607° T10+36301°
CC+IEECH®  00239226° L0+3TG6*  00+3ZCL5°  TC+30000° TG+30CST* TU+3Z901° T0+3560T° F0#302T1° TO+3£91T°
00+3%€38° CLG+30758° 00+433226° 00+432966° T2+3C00T° TO0+29%03° TU+3C60T° TC+3IETT* T0+43289T1° T043¢T2T°
60+3PR28*  00+3¥EIB*  00+3IULL6° 0U+3DY%6°*  T0+3600T°  T0+43psbi*  TE+302T1* Te+320TT° T0+3£%2T° 10+32621°
0e+3%354% L0+IZ5R®* 00+3356%° DO0+3Tbib® TG430COT* TO:35%0T° TO+3IEHTIL* T0+433T23° 10+32621° T0+3£92T° 39
JITJIISSVIONN
. .
¥ [
e s R e T L I B et B el e e i il 2
a i et . soconr it & i " N R ]




e e o e e i o

QATIISSVIONO
£0+32HTT*  E€3+4TH00T*~ 20+aG282°
CO+1790T*~ £0+HLLTES  20+ANTER * -
2043462182 &0+39T8Q°- EO&JTORE"
2C+35L15° 20+790.T° 20+435092°-
20+32nTH*  20+39TEG* 20+3TI822°
20+3uhTe*  TN+34C85° 20+12356S°
20+3Tn82° 20+309rG8*  20+3A%K2Y°
2U+36262° 20436787 20+32.85°
cB+a2ub2° 2D+ L0LH 2U+32L%5°
20+32952* 20+372T%* 20+3.02%°
20+3E6S5T*  20-32982° 20+3E062°
DO+3ILH2E* QD+36bG2°  00+3I9TLT°
9r+36652  00+3:6T2° 00+431I91°
SU+39T6T 00 +3TTIIT  00+3642T°
00430227 $0»3ITSOT* T0-30548°
30-308<¢S8°  30-39¢L%°  T0-a861T%°
TC-J2B62T "~ 20-350%y°~ 2D-32%ge*~
T0-18892°~ T0-32329°=- I0-3%YGh°~
CO+IGNET "= CC¢322TV*~ T0-19598°~
0U+3G297*~ 00+39cST = 0YH+ITHIT*~
gr+3nNnF2*~ 00+3986T°~ B0+I3L67 "~
N0+39622°~ 00+3nhE2°~ 00+3S548T° -

9s19AUT SIT

2N43521s°
20+390.7°
20+35092°~
28+379Lg"
20436488~
2c+3ss5ne”
z0+382¢9 "
Q431429
20+32¢g8a"
20+32629%°
20+30482"

00+30227°
d06+37607°
T0~50858°
In-3234%9°
In-2g24H¢"
20-37¢9¢"°
10-304L2°~
T0-3218s8°~

2t

- o
L

pue (1zZ00' + .ﬂwwv - 4 2an814

20+43207TH°
20+38I08”
2p+3t6e”*
20436280
SOFTILSGELR”
20+3284HL "
20+30022°
20+430209°
20435429
20+303808°
20 +3tTHye*

To-30828°
T0-3884%°
T0-3461%°
To0-3g2he*
To~3gn52°
20-38248°
20-3%E2H

c0+28HTE"
20+3£285°
26+32569°
20+35582°
20+228%4° -
£0+36%LE"
2t+32undlLc -~
2D+355¢2°
20+32665°
20+432285"
20+3THTL"

T0-356ET -
20=-350%%"°
20-32heS -~
20-31¢g9¢"
20-39248°
T0-24%27°
20-78248*

10-38LL2°~ 20-3T7£9¢F°
I0-39599°~ T0-34944° -
00+322TT°*~ T0-32323°~ 20-36048°~ TD-308L1°
00436527~ I0-38¥IL°-

26-32Hg2*~

TO-35bET "~

206+3IV82°
2a+30905°
20+3%%929°
20+368209°
20+300¢8e"
20+328%2° -
L0+3268¢€°
20436284~
20+31622°
20+39TES"
20+320T%°

T0-3889L°~
$0-32329° -
Ta-3498%°~
Td-30LL2°~
21-38£256°~
cd-382%8°
T0-35452°
T0-3824¢€°
10-386T%"°

TC-30u2S°

Tt T T

GG T T

NESER

S b R ORI O
R .
= [4 T
¢ > [T s g~ 1z = 13
' < u d €, .
= 3 =3/ ¢l = EU
0 T =23/
20436202 20+43£062° 20+329¢2° 20+43L£6ST°
2043628%°  20+3L0L%° 28+43T2In* 20+22952°
20+32€4S*  20432L%6° 20+3L9.nc  20+438062"
2U+3TL€9° 20+432T0S6° 2043629%° 20+43B282°
20+38209° 20+43%9%29° 20+3090S5°* 20+3T%e2l*
20+369E2° 20+32466%° 234372656 264+3&43I¢°
20+3648L°- 20437622 20+38TCS°  20+4310T%°
£0+379€8°*  20+433032°~ ZJ+2904T* 223435415°
204350G3.°~ LL+3TOEL* 20+39T1gy°~ 20+4352¥2°
20+390LT 20437T7L£6°— £0+3£478° €£0+3%9%1°~
20446476 20+438E92° LO+3I7I0T - £0+32HTT° M
D0+3b%ET*~ 06+3528T°*— BO+3HH82°~ 00+396L2°~
00+322TT°~ 00+384ST*~ Q00+35861°~ @0+3%4E2°~
10=-39698°~ BO+3TH2T*~ CA+3¥29T°~ (I+3G620T7°~
I0-3E€T65°~ T0-39990°~ 00+322TT*~ 03436987 °~
T0-30442°~ T9-2%99¢%° "~ T0~3LT29°~ T0-3REIL°—
20~37£9r* 20-324g2*- 23-3AGHWE°*~ TA-356ZT°~
T8~3¢2HE*s T0-3¢bTH* 10-3y¥lh* 10-3092S°
10-32T%9° TC-30656¢° 00+3T50%* 00+42022T°
T0-30S58°* 00+3542%T° G0+43TT97°* 0I+38T67T°
00+31S0T* 0O0+2TT9T* 00+3£572° 00+4366%2°
00+3622%F° 00+397637° 00+436652° Q0438928 30
TITILSSVIOND
p st




o2

o Kt AR S W, RN ek S ol

B L L

R Ry

TR S

-~

R

N

CONFIDENTTAL

a (matrix notation)

A (matrix notation)

B;,

C (appendix A)

GE, CE, ete,

cE Simple

~E

AYFENDIX 7
Glossary of Symbols
east'and north components, respectively, of
target velocity,
east and north compcnents resvecrively, of
target poeition with re~-=2ct to an arbitrary
fraied oragan,
aq]
)
a3

%]

an n-row matrix having rows of the form

tj cos By, cos Bj, -t; sin B;, -sin Bj.
observed bearing to target at time t,.

an abbreviation for several terms, defined as
introduced.

covariance of the superscribed variable.

a particular formula for the covariance of E,
derived in aapendin (.

a particular form.la for the covariance of E,
derived 13 Appwdiz L.

target coursc

“"NFT.DENTIAL

A el
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D (Appendix A)

d (matrix notation)

g (matrix notation)

I (matrix notation)

L (Appendix A)

P (Appendix A)

R(T)

R(T) sample
St1
S (Appendix A)

p——— e’

e o e RS SR e et e it i sibons ot 0 £ p o b e 4 ot oy

an abbreviation for several terms, defined
as introduced. »
an n-element column vector with elements of
form Xoi COS By -y

oi Sin Boi'

oi
the cross range miss distance of the estimated
bearing line. In matrix notation, a column
vector with elements E;.

the constant term in the matrix representation
of CHURN normal equations,

the identity matrix, having all ones on the
principal diagonal, all zeros elsewhere.

an abbreviation for several terms, defined as
introduced.

an abbreviation for several terms, defined as
introduced.

range to target,

estimated range at best range time, e.g. time-
ccrrected range,

autccerrelation function.

estimate of R(T ) based on a particular sample.
component of target speed along bearing line.

an abbreviation for several terms, defined

as introduced.
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; . t - time. ‘
t - mean time intervel between zigs.
tk - best range time: time at which the expected

range error of a solution is least,

W (matrix notation)

a weighting matrix, usually the reciprocsl
of the assumed covariance of residuals.
Xos Yo - coordinates of tracking ship with respect
to an arbitrary origin.
a - a combining factor used when adding covariance
contributions from target zig end from bearing

| noise. v

o, B, v (Appendix A)- an abbreviation for several terms, defined as

; introduced.
i ) , - (used as prefix) indicates error quantity.

€ - expected value operator. 5
i €y (Appendix A) - angle subtended by the cross range residual Ej. ;
5 6 (Appendix C) - symbol for an unknown expression, dropped when

the expression is determined.

P - e'zltm .
aEz, aéz, etc. - variance of the parameter indicated by subscript.
T - time interval,
4 v Y (matrix notation) - 4 x 4 matrix, coefficient of the vector a in
the CHURN normal equations.
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QGYA%géults obtained by extrapolating pairs of time-corrected range to present

time were about equally as good as from single solutions using the same data.
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